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ABSTRACT 
\Calculations have been made for the energy of the hydrogen r 
molecule ion at 54 internuclear separations ranging from 
1 
using the Gui1,lemin and Zener approximate wave function 
for the l s r  ground state, and its anti-symmetric form 
0 to 20 a. 
1 
for the 2pr first excited state. The variational parameters, 
d and 6 were varied to give the minimum energy. For the lsr 
state, the Guillemin and Zener energy agrees with the exact energy 
to within 0.0005 (e /ao)  for the full range of internuclear 
separations. For the 2ptr state, at zero internuclear separation, 
2 
the Guillemin and Zener energy (without nuclear repulsion energy) 
2 2 approaches -0.4 (e /ao) 
Thus, at small internuclear separations, the Guillemin and Zener 
instead of the correct value of -0.5 (e /ao). 
energy for the 2pe state is not very accurate, but for inter- 
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ii 
nuclear  separa t ions  l a r g e r  than 4 a it i s  accura te  t o  wi th in  
0.0001 ( e  /ao) . 
0 '  
2 
1 Following a suggest ion of Guillemin and Zener , t he  
energy was ca lcu la ted  varying only one parameter and f i x i n g  t h e  
value of t h e  o the r  by requi r ing  t h a t  
nuc le i .  Using t h i s  method, t h e  resul ts  f o r  t h e  lsu- s t a t e  
agree with the  exact  energy t o  within 0.001 ( e  /ao) 
range of i n t e rnuc lea r  separat ions and t o  wi th in  0.001 ( e  /a ) f o r  
t h e  f i r s t  exc i ted  s t a t e  a t  in te rnuc lear  separa t ions  l a rge r  than 
4 a. . For t h e  2po- s t a t e  t h i s  method gives  l e s s  accura te  
resul ts  a t  smaller in t e rnuc lea r  separa t ions  and f a i l s  t o  be 
HY remains f i n i t e  a t  t h e  
2 f o r  t h e  f u l l  
2 
0 
appl icable  when the  separa t ion  is  l e s s  than 1 a. . 
- - - - -  
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AN APPROXIMATE VARIATIONAL CALCULATION 
OF PROPERTIES OF THE l s s  AND 2ptr STATES OF H2+ 
The properties of the hydrogen molecule ion have been studied 
by many people. Some performed approximate cal~ulation~-~ and
the others solved the exact eq~ation~-'~ . 
C. Zener have evaluated the l s e  ground state energy of the 
hydrogen molecule ion by the variational method with the approximate 
wave function 
V. Guillemin and 
1 
This Guillemin and Zener wave function has the correct limiting 
forms; at zero internuclear separation vs reduces to the Is 
-2r with o( = = 1 ; and for wave function of He , e 
infinite separation, vs reduces to the linear combination of the 
Is wave functions of hydrogen atoms, ( e  + a ) with 
0C = 1 and 9 = 0 . Thus, it seems as though this function 
might be useful as a good practical approximation to the cumbersome 
exact solution, Guillemin and Zener calculated the lso- ground 
0 state energy at 11 internuclear separations (ranging from 0.1 a 
2 
to 4 a ) to a precision of around 0.001 (e /ao) . Because ys 
is so simple and the corresponding energy is so accurate, it should 
have many applications. 
calculation at 54 internuclear separations ranging from 
+ 
+A -rO 
0 
Therefore, we have repeated their 
0 to 20 a. 
2 
2 
t o  t h e  g rea t e r  p r e c i s i m  oE approximately 0.000001 (e /a  ) . 
In  t h e  "tw parameter var ia t ion"  method, the  b e s t  values  of 
0 
the two parameters - those which make the  energy minimum - were 
determined by f i x i n g  the  value of t he  f i r s t  parameter and varying 
the value of t he  sec.ond GntiT the  optimum value f o r  t h e  second 
(unfixed) param;;tter mias found, then r eve r s ing  t h e  process  - 
varying the  f i r s t  with t h e  second f ixed  (using t h e  va lue  determined 
previously) .  This proc.ess is continued u n t i l  a r e p e t i t i o n  produces 
a change i n  the  energy which i s  less than 
The "one parameter var ia t ion"  method 
suggestion of Guillemin and Zener' t h a t  a 
the  two parameters i s  obtained i f  H V s  
t he  required to le rance .  
corresponds t o  a 
s i m p l e  r e l a t i o n  between 
i s  required t o  be  f i n i t e  
- 
a t  t h e  nuc le i .  This i s  a reasonable  requirement s ince  H V  i s  
f i n i t e  a t  t h e  nuclei. f o r  t he  exact  wave func t ion ,  Consequently i n  
t h i s  procedure, only one parameter i s  subjected t o  v a r i a t i o n  t o  g ive  
the  minimum energy. 
The same cons idera t ion  has been given f o r  t h e  2pu- f i r s t  
exci ted s t a t e  energy of t h e  hydrogen molecule ion wi th  t h e  a n t i -  
symmetric form of t h e  Guillemin and Zener approximate wave func t ion  
With t h e  two parameter va r i a t ion ,  t h e  Guillemin and Zener energy 
f o r  t he  1 s t ~  s t a t e  agrees  with the  exact  energy t o  wi th in  
0.0005 ( e  /ao) f o r  t h e  f u l l  range of separa t ions .  For t h e  2 p r  
s ta te ,  a t  zero  separa t ion ,  t h e  Guillemin and Zener energy 
2 
I .  
3 
2 (without nuclear  repuls ion  energy) approaches 
ins tead  of t he  co r rec t  value of 
and Zener energy f o r  t he  2 p o  
-0.4 ( e  /ao) 
2 -0.5 ( e  /ao). 
s t a t e  i s  not very accura te  a t  
Thus, t h e  Guillemin 
small separa t ions ,  bu t  f o r  separa t ions  l a r g e r  than 
accura te  t o  wi th in  0.0001 ( e  /a ) . 
4 a. , it  is 
2 
0 
Using the  one parameter va r i a t ion ,  t h e  r e s u l t s  f o r  t h e  lscr 
2 s t a t e  agree wi th  the  exact  energy to  wi th in  0.001 ( e  /ao) 
t he  f u l l  range of i n t e rnuc lea r  separa t ions .  For t h e  2pw 
s t a t e ,  t h e  one parameter v a r i a t i o n  energy agrees  wi th  t h e  exact 
t o  wi th in  0.001 ( e  /ao) when the separa t ion  i s  g r e a t e r  than 
4 a. , i s  less accura te  a t  s l i g h t l y  smal le r  separa t ion ,  and t h e  
method f a i l s  t o  be app l i cab le  when the  sepa ra t ion  is less than 
f o r  
2 
1 a. 
I. Ground S ta t e :  1scr 
(a) Two Parameter V a r i a t i o n .  
The Guillemin and Zener approximate wave function'  i s  
used for t h e  l s r  ground s t a t e  of H2 + .  . 
where r and r a r e  the  d is tances  t o  t h e  e l ec t ron  from the  
n u c l e i  A and B respec t ive ly ,  GC and f+ are v a r i a t i o n a l  
parameters, and Ns i s  the  normalization f a c t o r ,  
A B 
Introducing p r o l a t e  spheroidal coordinates ,  
4 .  
and 0 
Hamiltonian is given by 
, the angle of rotation about the nuclear axis, the 
where 
b. t g(+-.C, 
( 6)  
and It i s  internuclear distance. H V s  has the follawing form: 
t 
5 
The (lscr s t a t e )  energy, Fan. b e  obtaiqsd by minimizing 
wi th  respec t  t o  a and b. El i s  given by 
S ’  
( 9 )  
where 
I i ,  
By varying t h e  value of a for  t h e  given optimum value  of b 
( t h e  b 
f i r s t  approximation t o  the  optimum value  of - b  ) t h e  approximate 
obtained by one parameter v a r i a t i o n  may be used as a 
value of a making t h e  energy minimum can be found. 
varying t h e  value of ti for the value ,of a obtained above, a 
more accura te  value of b can be found, and so fo r th .  The r e s u l t s  
Next, by 
obtained a r e  given i n  Table 1 and compared wi th  the  exact ones of 
8 Bates, Ledsham and Stewart which a r e  obtained by exact  expansion 
of the  exact wave funct ion.  
,, 
(b) One Parameter. Variat ion ’ 
By requ i r ing  t h a t  HYs remains f i n i t e  a t  t h e  nuc le i  and 
p u t t i n g  h =*  )s = 1 ,  i n  Zq. (7) ,  t h e  fol’lowinn simple r e l a t i o n  
between a and b is  obtained: 
a = R - b h h b  C 
The optimum value of b i s  obtained by set t ing  
From Eq. (9) th i s  becomes 
where 
and from Eq, (11) it follows that 
Using Eqs, ( 9 ) ,  (11) and (13), the values of a and b which 
. 
6 .  
. 7 
make E minimum f o r  given R a r e  obtained. With t h e s e  a and 
b t h e  (lscr s t a t e )  energy is ca lcu la ted .  The r e s u l t s  are 
t abu la t ed  i n  Table 1 and compared with t h e  exact va lues  of Bates, 
Ledsham and Stewart . 8 
(c)  Fixed Parameter 
Spec ia l  i n t e r e s t  i s  attached t o  two s p e c i a l  cases  of t h e  
Guillemin and Zener wave function: 
+ As R becomes zero, ds becomes t h e  co r rec t  wave func t ion  f o r  H2 
o r  He . The energy i s  given by + 
Numerical va lues  of E as a function of R are given i n  Table 2 
and shown i n  Fig.  1. 
S 
- F A  -vS 
2) The Paul ing function14 %= a -1.a corresponding 
t o  a= 9 z - b  
i n f i n i t e ,  
func t ion .  
(a=\oxvld p-0). As R becomes 
becomes t h e  co r rec t  l i m i t i n g  form f o r  t h e  H: wave 
The energy i s  given by 
Numerical va lues  of E as  a func t ion  of R are given i n  
Table  3 and shown i n  Fig. 1 . 
S 
8 '  
11. First Excited State: 2pu- 
(a) Two Parameter Variation 
The approximate wave function which is employed for the 
2po- first excited state of H: is 
or 
where a and b are given by Eq. (6). H V p  is given by 
E is given by P 
where 
. 9 
The two parameter v a r i a t i o n  energy i s  ca lcu la ted  us ing  Eqs. (20) 
and (21). 
t he  exact values  of Bates, Ledsham and Stewart  . E as a 
func t ion  of R is  p lo t t ed  i n  Fig. 2. 
I n  Table 4 the  r e s u l t s  a r e  tabula ted  and compared with 
8 
P 
I n  t h e  l i m i t  as R-0 , we can expand r and r i n  t h e  A B 
Taylor ' s  s e r i e s  
. 
Fig. 3 
as shown i n  Fig.  3. Then vp becomes 
Thus vp approaches t h e  l imi t ing  form 
. 
10 
Here c i s  the  v a r i a t i o n a l  parameter. The energy, which does not  
include in t e rnuc lea r  r epu l s ive  energy, i s  given by 
Thus, t h e  l i m i t i n g  value of (EP - /R) R=O i s  found t o  be 
2 2 -0.4 (e /ao) , ins tead  of t he  co r rec t  value -0.5 (e /ao). A s  a 
r e s u l t ,  i t  i s  apparent t h a t  the  t w o  parameter energy f o r  t h e  
2pcr s ta te  cannot be accura te  a t  small separa t ion ,  Indeed i n  
Table 4 ,  t h e  e r r o r  i n  E i s  g r e a t e r  than 0.001 (e /a ) when 
R < 2.5 a. . 
2 
P 0 
(b) One Parameter Var ia t ion  
Again, by r equ i r ing  HYp t o  t a k e  a f i n i t e  value a t  t h e  
nuc le i ,  t h e  following equat ion i s  obtained: 
b 
a =  R-tXt) 
This conddtion can only be s a t i s f i e d  i f  
parameter v a r i a t i o n  procedure i s  only appl icable  f o r  and 
only accura te  f o r  l a rge  values  of R. For R L  1 , t h e  value of 
a is necessa r i ly  negat ive s i n c e  b/ tanh b i s  never less than 1. 
If a were negat ive vp would approach i n f i n i t y  f o r  l a r g e  va lues  
of h 
R 2 1. Hence t h e  one 
R 2 1 
and would not s a t i s f y  t h e  boundary condi t ions requi red  of 
a bound s t a t e  wave funct ion.  
For R > 1 , t he  energy i s  given by Eq. (20) where t h e  
parameter a i s  given by Eq. (26) .  The optimum value  of b i s  
11 
obtained by s e t t i n g  
From Eq.  (20) t h i s  becomes 
where 
And from Eq. (26) i t  follows t h a t  
12 
The r e s u l t s  f o r  the  one parameter ( a s  w e l l  as t h e  two 
parameter) v a r i a t i o n  a r e  tabula ted  and compared with t h e  exact 
values of Bates, Ledsham and Stewart8 i n  Table 4 and p lo t ted  i n  
Big.  2. 
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TABLE 2 
The energy corresponding to  the Is( ground s ta te  of Hi using 
the wave function * = e-5-5 . This corresponds 
t o  the special case of the Guillemin and Zener function when 
a = R and b - 0 ( 4  - = 1).  Here Es is  given by Eq. (16). 
R (ao) 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2 
Es(e /ao) 
8.0219 
3.0733 
1.4728 
0.7 119 
0.2857 
0.0248 
-0.1434 
-0.2557 
-0.3321 
-0.3846 
-0.4205 
-0.4448 
-0.4608 
-0.4707 
-0.4761 
-0.4783 
-0.4780 
-0.4758 
-0.4722 
(E -+(eL/ 
R aO S 
-1.9780 
-1.9266 
-1.8604 
-1.7880 
-1.7142 
-1.6417 
-1.5720 
-1.5057 
-1.4432 
-1.3846 
-1.3299 
-1.2781 
-1.2300 
-1.1850 
- 1.1428 
-1,1033 
-1.0662 
-1.0313 
-0.9986 
22 
TABLE 2 (cont'd) 
2.1 
2 . 2  
2 . 3  
2.4 
2 . 5  
2.6 
2.7 
2.0 
2.9 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6 .0  
6.5 
7.0 
7 . 5  
8 .0  
a .  5 
2 
(Es - /ao) 2 E*(@ /ao) 
-0.4677 -0.9677 
-0.4624 
-0.4565 
-0.4503 
-0.4438 
-0.4372 
-0.4304 
-0.4236 
-0.4168 
-0.4101 
-0,4035 
-0.37 18 
-0.3434 
-0,3183 
-0.2962 
-0.2767 
-0.2595 
-0.2442 
-0.2305 
-0.2183 
-0.2072 
-0,1972 
-0.9386 
-0.9111 
-0.8851 
-0.8605 
-0.8372 
-0.8150 
-0.7940 
-0.7 740 
-0.7 549 
-0.7368 
-0,657 5 
-0.5934 
-0.5405 
-0.4962 
-0.4585 
-0.4262 
-0,3981 
-0.37 34 
-0.3516 
-0.3322 
-0.3148 
9.0 -0,1881 -0.2992 
9. s 
LO. 0 
11.0 
12.0 
13.0 
14.0 
15.0 
16.0 
17.0 
18.0 
19.0 
20.0 
-0.17 97 
-0.1721 
-0.1586 
-0.1470 
-0.1370 
-0.1283 
-0.1206 
-0.1138 
-0.1077 
-0.1022 
-0.0972 
-0.0927 
-0.28 50 
-0.2721 
-0.2495 
-0.2304 
-0,2140 
-0.1997 
-0.1873 
-0.1763 
-0.1665 
-0.1577 
-0.1499 
-0.1427 
The energy corresponding 
+ of Hq. 
Guillgmin 'md Zener function with &tka-b(4*1 
This wave function is a special case 9f the 
p:~), 
t o  the Pauting wave function 
for the 1s ground s tate  
24 
I TABLE 3 
0.1 
0.2 
O e 3  
0*4 
0,s 
0.6 
0.7 
0 ,  a 
0.9 
1.0 
1.1 
1.2 
1,3 
1.4 
1.5 
1.6 
1.7 
1.8 
1. 9 
8.5045 
3.5164 
1,8671 
1.0549 
0.5786 
0.2707 
0,0591 
-0.0924 
-0.2042 
-0.2883 
-0.3527 
-0.4024 
-0.4411 
-0.4713 
-0.4950 
-0.5135 
-0.5279 
-0.5390 
-0.5474 
- 1.4954 
- 1.4835 
-1.4662 
-1.4450 
-1.4213 
- 1.3958 
-1.3694 
-1.3424 
-1.3153 
-1.2883 
-1.2617 
-1.2357 
-1.2103 
-1.1856 
-1.1616 
-1.1385 
-1.1161 
-1.0945 
-1.0737 
25 
TABLE 3 (cont'd) 
2.0 
2.1 
2.2 
2.3 
2.4 
275 
2 * 4  
2.7 
2.8 
2*9 
3.0 
3,s 
4 a O  
4.5 
5.0 
5* 5 
6.0 
6 a 5  
7.0 
7.5 
8.0 
8.5 
-0.5537 
-0.5583 
-0.5614 
-0.5634 
-0.5645 
-0.5648 
-0 . 5644 
-0.5636 
-0.5624 
-0.5608 
-0.5590 
-0.5481 
-0.5368 
-0.5270 
-0.5192 
-0.5133 
-0.5090 
-9.5060 
-0.5040 
-0.5026 
-0.5017 
-0.5011 
-1.0537 
-1.0345 
-1.0160 
-0.9982 
-0.9812 
-0.9648 
-0.9491 
-0.9340 
-0.9195 
-0.9057 
-0.8924 
-0.8338 
-0.7868 
-0.7492 
-0.7 192 
-0.6951 
-0.67 57 
-0.6599 
-0.6468 
-0.6359 
-0.6267 
-0.6187 
9.0 
9.5 
10.0 
11.0 
12.0 
13.0 
14.0 
15.0 
16.0 
17.0 
18.0 
19.0 
20.0 
TABLE 3 (cont'd) 
2 
Es ( e  /ao) 
-0.5007 
-0.5004 
-0.5002 
-0.5001 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.6118 
-0.6057 
-0.6002 
-0.5910 
-0.5833 
-0.5769 
-0.57 14 
-0.5666 
-0.5625 
-0.5588 
-0.5555 
-0.5526 
-0.5500 
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